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1. INTRODUCTION

Let C,[0, + o) denote the set of functions fe C[0, + o0) satisfying a
growth condition of the form |f(z)<A4e™ (4,meR™). Then, for
feC,[0, + ), the well-known Szasz—Mirakyan operator is defined by

o 5 k k
S.fx)ime Yy, ) f(—) (x>0).

1
— k! n

Replacing the infinite series by a finite partial sum, several authors also
considered the operator

e X (mx) Lk .
Sunlfinme ™ ¥ ELr(2) 60
for various choices of N. If, e.g., N = N(n) is a sequence of positive integers
with lim, _, (N(n)/n)= +oo, then Grof [5, p. 1147 proves that

lim S, \(f;x) = f(x). (1.1)

On the other hand, if N=[n(x+ 6(n))] wherec lim,_,  #n'?6(n)= +oo,
then Lehnhoff [6, Theorem 3] shows that (1.1) remains valid for
feC[0, + ) satisfying a growth condition of the form |f(¢)| < A4 + Br*™
(4, Be R*, meN). In this note we show that Lehnhoff’s result remains
valid for all fe C,[0, o) and all N= N(n, x) satisfying

. N—nx
lim = 400,
v Jn
In case limn_,w((N—nx)/\/;)= C, a finite constant depending on x, we
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show that (1.1) no longer holds and should be modified. In this paper we
also consider rates of convergence in (1.1) and in

lim S,(f; x)=f(x). {1.2)

n— o0

Under appropriate conditions on f and N we will show that the rate of
convergence in (1.1) and (1.2) is of the order n~ "2 The results we give
complement those of F. Cheng [2]. The method we use in proving our
results depends heavily on the probabilistic interpretation of the operators
S5.(f;x) and S, (f; x), and therefore differs from the methods used by
Lehnhoff or Cheng. It should be clear that our method extends easilv to
cover other operators of probabilitic type.

2. MAIN RESULTS

Setting up our probabilistic argument, for xeR*, let X, X,,.., X,, be
independent random variables all having the same Poisson (x) distribution,
1€,

k

X
PiX,=k}=e" 37 (k=0,1,2..)

Now let §,=X,;+X,+ --- + X,; then S, has a Poisson (nx) distribution

and we obtain
S
s.fi0=E(7 (—;))

and

Susli0=E (£ (2) e )

where £(-) denotes mathematical expectation and 7, denotes the indicator
function of the set A. From probability theory we recall (see, e.g., [3,4] or
any other good book on probability theory)

(2.1) The Strong Law of Large Numbers:

S,
“L5x (n — o0), almost surely;
n
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(2.2) Chebyshev’s inequality: for every t>0 and n>1
P{IS, —nx| > 1} <7

(2.3) The Central Limit Theorem: for every ye R

S,—n : | 2
P{ "fmSJ’}ﬂP{ZSJ’F(P(}’):=f} ——e 74z
nx — 27

(notation: (S,,—nx)/\/a =2 7 (n—> w));

(2.4) The Berry-Esseen theorem: for all n>1

sup  /n
veR

/nx

Y

S _
{2l a0)| < cws
(2.5) A large deviation result: if y varies with »n such that y = o(n"/®)

and y — oo, then

P{(Sn_nx)/\/ nxgy} 1
—
P{Z<y}

(n— o).

Using these results we now prove the following classical result of Szasz [7].

THEOREM 2.1.  For every fe C4[0, o) we have

lim S,(f;x)=f(x)

uniformly on every interval [x,, x,], 0<x, <x,<o00.
Proof. First note that E(e*S')=e """t L ™ 50 that
E(eSmy e (s>0). (26)
Now since '€ C ([0, co) we obtain using (2.6)

S,
n

ISfi ) < E ‘f ( )’ S AE(e™") < Ae™™ (2.7)

for some m'e R*. Also

() ))ersan
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for some m”eR*. Now using the triangle inequality and then Schwarz’
inequality [4, p. 152] we obtain: for all 6 >0 and x>0,

) \

I{lS,,_'rzfx sc})

S
*—") —fl(x)
n

<6(|7(2)-100

+E</f<%)—f(x) L5 xios))

< sup )= F(x)]

{yz20lly—xI<d;}

NEEERER s

Using (2.2) with t=9Jn and (2.8) we obtain for all >0 and x >0 that

lSn(f;x)—f(x)lsE(‘f(

1S.(f;x)— flx)| < sup Lf(y)—f(x) + Ae™™ /—J (2.9}

(y20]ly—x <6}

Since f'is uniformly continuous on every closed interval of R* the desired
result now follows from (2.9). |

To handle S, v(f; x) note that since 7, < | we have, as in the proof of
(2.9), that for >0 and x>0,

|85 (S5 x) = f(x) P{S, <N}

< sup |f(3) = f(xX)]| 4+ Ae™™ F— (2.10)

32
{52001y — x| <51 \ nd

Now we prove the following extension of Grof [5, p. 114] and Lehnhoff
{6, p.2791.

THEOREM 2.2. (i) If N=Nin, x) is such that

fim Y2 (2.11)
n— x \/n
then
fim S, x(/; X) = f(x). (2.12)

n— o

(ii) If (2.11) holds uniformly in [x,, x,], 0<x,<Xx,< 0, then also
(2.12) hoids uniformly in this interval.
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(iii) If lim,,_, ((N— nx)/\/;) = C, a finite constant, then

lim S, y(f;x)=f(x) ® (i/_) (2.13)

— ¢
" N X

Proof. From (2.10) it follows that uniformly in [x,, x,],

lim S, x(f; x)— f(x) P{S, < N}| =0, (2.14)

n— oo

Now if (2.11) hoids we have, using (2.3),

lim P{S,<N}=lim P

n— oL n— O

S—nr N —nx
- )=1 2.15
v e G

and (2.12) follows. If (2.11) holds uniformly in [x,, x,] also (2.14), and
hence (2.12), holds uniformly in [x,, x,]. Finally the proof of (iii) follows
from (2.14) and

S,—nx N—w C
lim P{S,<N}= lim P{ "!xs /ﬁr}zdi(—). 1
s " oo VX Jhx \/;

Our next result is devoted to the rate of convergence in (1.2). For a fixed
x>0 and 6 >0 we will assume that f'e C [0, «) and that

‘f(f —f(x)

I—Xx

<C(x,9) for |t—x| <9, t=0. (2.16)

Here C(x, ¢) denotes some constant depending on x and é. Note that from
(2.16) and fe C,[0, oo) we have

@)=/ <C'(x,8)e™ |t—x], 120 (2.17)

for some constants C’ and m > 0. Also note that (2.16) holds if /'(x) exists.
Now we prove

THEOREM 2.3. If fe C,[0, o) and if (2.16) holds, then
sup /7 1S,(f; x) — f(x)] < 0.
nx=1

Furthermore, if f'(x) exists, then

lim /7 (S,(f; x) = f(x))=0.

n— o0
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Proof. From (2.17), Schwarz’ inequality, and (2.6) it follows that

JrIS i = g </ |1 (2) - o

S,—nx

=
X
S, —nx\* ,
. E <_"____. l CN m'x
<Ce \/ Jnx
and the first result follows.

Next, suppose f'(x) exists; since S,/n— x almost surely (n— oc), we
have

Clx, 8) E emsim
\

N

_fSdm) =)

Z =
" S, /n—x

—f'(x) >0 (n—> ), almost surely. (2.18;
Now we have

S(Su/n) = f(x) . S,—nx S, —nx

S(x) + 2, ———
\/x_n </ nx Jnx

Using {2.18), (2.3), and [1, Theorem 4.1] we obtain

Z(S/”)x% 2 rxz. (2.19)

Now from (2.17) and Schwarz’ inequality we see that for m >0,

— m . 2m
E( f(Sn/n) f(x) > < Crrem'x E<Sn /_nx)
s‘//' nx

Jnjx

Using the boundedness of E((Sn—nx)/\/g)z’" (see, e.g., Lehnhoff [6,
Lemma 4]) we obtain

e ()<

(2.20}

But then (2.19) and (2.20) together with [1, Theorem 5.4] imply that

A(Sufn) — f(x) o
E<—W ) E(/'()Z)=0 (a0},

which proves the result. J

646/47/3-6
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Remark. The example f(1)=|t—x| shows that the first result of
Theorem 2.3 is best possible. See also Cheng [2, p. 229].

Using the same method as in the proof of Theorem 2.3 we also have the
following extension of ihe theorem.

THEOREM 24. If fe C4[0, ) and if x>0, >0, keN are such that
[N x) exists for r=1, 2,..., k and such that

f0-s00- 3

r=1

SO)| < Clx, 9) [t — x|+

for t=20, |t— x| <0, then

5 L E(S,
sup plk+ 12 Sn(f; x) Z _(i__)_f(ﬂ(x) < 0.
nx=1 =
Furthermore, if £**+(x) exists, then
k E(S
im <02 (5,(/:) = )= L 2O o))

=f(k+1)(x) x(k+2)-’2E(Z"+ 1)'

Remarks. 1. In view of the example f{1)=¢’, the result of Theorem 2.4
is best possible.

2. The constants r, := E(Z**") can be calculated more explicitly as

Fue=0

(2k +1)!

r2k+1= k!2k+1

(k=0, 1,...).

In our next theorem we obtain a rate of convergence result for the
operators .S, y.

THEOREM 2.5. If (2.14) holds and if

N—nx
fim inf ——— > 0 (2.21)
noo  /nin(n)

then

sup /1 18,4 f; x) — f(x)| < c0. (2.22)

nzl
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Furthermore, if f'(x) exists, if (2.21) holds. and if

N —nx

——=o(n'®) (223
VL

then

im /7 (S, (3 X) = f{x) =0.

H— o

[
o
s

Proof. To prove (2.22) note that
SIS, S5 30— (0]

— N /S" . LN ¢ 3 /
<JnE ‘j (7>~j(x) + R A PLS, > N (22

wn

}

Now let y=(N —nx}/vf'ff;; then y — oo and y > ¢ In(x} for all # large. But
then (2.4) implies that

1 P{S,> N} < C(x)+ /all — B3

Using | — &)~ C’(e’-""“,r"y) (y— o) and (2.21} we obtain that

[
[\
[

sup /n P{S,>N} < cc. {

nzl

The inequality (2.22) now follows from (2.25), {2.26), and Theorem 2.3.
To prove (2.24) note that

S, (S X) = (%))
I I S
= /N (S, (f; %)~ f(x)) JnE (f (~—) 1) (2.27)

n

Using Schwarz’ inequality and (2.7), we obtain

— S _—
\/n E(f('i) I{S,,>;V}) SC\,’f?P{S">[\I}.

Now with y as before and using (2.5) we obtain
nP{S,>N}~n(l —®(y})) {n— o).
Using (2.21) and 1 —&(y)~C'(e*/y) (y — ) it follows that
nP{S,>N} -0 (n— o0). (2.28)

Now (2.24) follows from (2.27), (2.28), and Theorem 2.3. §
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